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SDA Full-Wave Analysis of Boxed Multistrip
Superconducting Lines of Finite Thickness
Embedded in aLayered Lossy Medium

Anatoli N. Deleniv, Marina S. Gashinova, and Irina B. Vendik, Member, |EEE

Abstract—The spectral-domain approach is applied to mod-
eling propagation characteristics of a multiconductor structure
of superconducting strip lines with signal strips and ground
planes of finite thicknessin lossy layered media. Two sets of basis
functions (Chebyshev and Legendre polynomials) are compared
by their ability for accurate modeling of microwave losses. Smple
expressions within the immitance approach are presented for
a power flux computation. As a result, complex propagation
constants and related modal impedances of a multiconductor
structure containing superconducting strips can be calculated
with a high accuracy. The modd applicability is illustrated by
numerical results compared with available simulated data.

I ndex Terms—M odal impedance, multilayered media, multistrip
lines, spectral-domain approach, superconductor.

|. INTRODUCTION

IGH-TEMPERATURE superconductors (HTS) are

promising for microwave applications due to low surface
resistance and frequency-independent penetration depth. These
properties make them attractive in a development of some
devices like multipole narrow-band filters with a low in-band
insertion loss and sharp skirts, multiplexers, and others [1].
An important point in synthesis of such devices is an accurate
estimation of guided-wave propagation characteristics, namely,
complex propagation constants and related modal impedances.
In order to provide the desired accuracy, the HTS macroscopic
electrical parameters, such as complex conductivity and field
penetration depth, have to be taken into account.

HTS planar transmission lines were the subject of interest
for many investigators. This type lines have been analyzed
on isotropic [2]-{6], as well as anisotropic [7] substrates. A
spectral-domain volume-integral equation (SDVIE) method
has been proposed to analyze superconducting lines [5], [6].
The method rigorously accounts for the finite volume of the
superconductors, providing accurate characterization of the
kinetic inductance and conductor loss contribution. In [2],
Mao et al.use a modified spectral-domain approach (SDA) to
model al three components of strip current. As was shown,
this approach provides an accurate modeling, but similarly to
SDVIE, becomes computationally expensive for analysis of
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multiconductor system. Nghiem et al. also used SDA [4] to
study microstrip lines and striplines. Piecewise-constant pulses
are chosen to model the axial current density. It isimportant to
note that this method could properly account for propagation
parameters of a single line, but becomes computationally
inefficient, whatever large number of strips or fine current
resolution are subjects of interest. From this point-of-view,
the use of continuous basis functions is more desirable. Lee
et al. [7] use a concept of equivalent surface impedance based
on the knowledge of current density distribution in the single
strip. It is important to note that accuracy of this approach is
guestionable if ground-to-strip distance is small for either set
of strongly coupled strips to be analyzed (for these situations,
the current of the isolated strip cannot be considered as a good
approximation). Pond et al. [3] applied the SDA to anayze
superconductor microstrip lines using basis functions that
incorporates singular behavior of the current at the strip edges.
This choice seems to be the best approximation for a real
superconductor strip; however, the formulation used in [3] is
connected with the appearance of divergent series[8].

A quasi-static description of the multicoupled supercon-
ducting lines was used in the computer-aided design (CAD)
tool derived for a design of filters based on sections of
multicoupled lines [9]. In this paper, a further development
of modeling characteristics of HTS multistrip lines is pre-
sented. An efficient SDA-based full-wave method is derived
to calculate complex propagation parameters of the boxed
multiconductor superconducting planar lines embedded in a
loss layered isotropic media. Two sets of basis functions are
tested to check their ability for an accurate description of
conductor losses in a superconducting strip of finite thickness.
Few simple expressions are presented to provide a connection
between tangential fields at the electrode interface and at any
other one. They are used for a computation of the Poynting’s
vector for each propagating mode and, thus, the multiport
impedance (admittance) matrix. The accuracy and usefulness
of the developed model is demonstrated via comparison with
available numerical and experimental data.

II. ANALYSIS

The cross section of the multiconductor transmission struc-
ture is shown in Fig. 1.

Thestructureconsistsof ¢ = 1,..., fupperandj =1,...,J
lower dielectric layers in reference to the electrode interface
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Fig. 1. Transverse section of multistrip structure in layered media.

containing £ = 1,...,n superconducting strips. The dielec-
tric layers are characterized by the thickness iy, /1{ ,,, and the
complex dielectric permittivity

EZéf))(Low) = 505:*(j) (1 - J tan 67(J)) (1a)

while for the superconductor, we use

i(5) _ jo—sc
EU:)(LOVV) - w (1b)
with
1

sc — On — ] S 2
e = om =i T 2

o5 iIsthe complex conductivity of asuperconductor determined
in accordance with the two-fluid model of superconductivity
[10], o, isthe normal conductivity, Ay, isthe London penetra-
tion depth, and 1o is the magnetic permeability of vacuum.
Thegoal of the analysisisto define avector of complex prop-
agation constant 4 (w) = f(w) — ja(w) in the wave-propage-
tion direction z (/3 isthe phase constant and « is the attenuation
constant) and modal impedances for each mode of the structure.

A. Consideration of Lossesin Dielectric Layers and Grounds

We use the analytical procedure for evaluation of spectral
dyad based on the so-called immitance approach [11]. The re-
cursive use of the formulafor the input admittance of the loaded
line section for both TE-to-y and TM-to-y waves enables to
build flexible codes for an arbitrary number of upper and lower
layers related to the electrode interface. An extension to the
lossy case is made by use of complex permittivity £?¢) (1a),
(1b) for the ¢th (jth) layer and the complex propagation con-
stant k.. For the normal metal ground, the conductivity o, in
(2) must be replaced by ¢,, of normal metal.

As losses in the dielectric and superconductor (conductor)
layers are rigoroudly taken into account in Green's dyad, the
loss contribution due to the superconducting strip conductivity
needs special care for a description.

Fig. 2. Equivalence between tangential boundary conditions for: (a) the strip
of thickness ¢ and (b) the infinitely thin equivalent [12].

B. Equivalent Surface Impedance of a Superconducting Srip

Let us consider two superconducting strip structures, as
shown in Fig. 2.

The strips differ by their thickness: the real superconducting
strip is of thickness ¢ [see Fig. 2(a)] and the equivalent strip is
infinitely thin [see Fig. 2(b)]. The original strip is characterized
by the tangential electric- and magnetic-field componentst on
the upper and lower interfaces related by the impedance matrix
of athin conducting layer

E, . Zn —Zi|[H
~ =n3 X ~ (3)
Es Zy1 —Zo || H2
_r'w
le = ZQQ = ‘;} NO COt(ﬁSCt) (4)
_r’w
Zig =Zo1 = ‘;3 Ho csc(Fsct) 5)

1The symbols with atilde correspond to Fourier transforms of functions.
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where .. isthe complex propagation constant of the supercon-

ductor
1 >1/2
V3 . (6)
Az

In the present approach, we assume that conductor losses are
mostly due to the longitudinal electric current (it is true for
quasi-TEM modes). Under this condition, the expressions for
the 2-component of the magnetic fields upper and lower to the
strip interface can be derived using the immitance approach [11]
as

Bsc = <_jw//LOan -

r kQ ?Gp 04721 ?I}ILp 7
Hi = 2 2 2 2 3 7 S
“n + k Yép + Y}eow + k YULp + Y} t)w
=K "J, 7
T < k2 onw ar% YI{LOVV ) 7
2 € € 12 12 e
aQ + kQ YUp YLOW aQ + kQ Y{Ip YﬁOVV
= K}, ®
with Yé()’(‘)LOW being the input admittances for the TM-to-y

(TE-to-y) wave looking up (down) from the strip interface.
In the next step, we insert (7) and (8) into (3) and obtain the
following expression for the perturbed electric field on the
upper and lower surfaces of the strip

E? X Zn —Z|[ KR
~ | =n1 X ~ (9)
E3 Zn —Zn||Kp™

Expression (9) can now be used to define the impedance
boundary condition for the equivalent infinitely thin strip [see
Fig. 2(b)] as the weighted average [12]

)i

B (Ef E;) _ (lEf + IE5
(10)

It isimportant to remember that Z¢% (c, )|y o0 — const.

e

+ |E5

C. Propagation Constants of the Structure Figures

The linear relationships between fields and currents at the
conductor interface can be written as
E;trip + E;Xt' ZZZ Zza: JZ
o . - - - (1)
E;tl‘lp + E;zxt. Za:,z Zm: ]w
with E°P E;f’(‘;-) being the z(x) component of the electric field

on theégrzp surface and its exterior, respectively. In the per-
forming solution for planar transmission lines by a spectral-do-
main moment method, one needs to expand the unknown elec-
tric currents of the system in an N-dimensional basis set. We
consider two different sets ¢1 and ¢2, studying a possibility
to model losses in conducting strips with high accuracy. In our
codes, we use the same set to model both the axial current den-

sity and derivative of the transverse one

ZZQP‘PP
:%:EP: pgopa:

with ok (z) = @1%(z) or ok(z) = @2k(x).

(12)

(13)

The set o1 isthe first-type Chebyshev polynomials 7}, with
Maxwell weighting function

r — Mg
T,
2 ”< 0.5wy, )

, for z € wy
<P1’1;(37) =q "k 1 o —my\*
0.5wk
0, for z ¢ wy
(14)
where k = 1,...,n stands for the kth strip, and p stands for

the order of the basis function; m; is the position of the kth
strip center (Fig. 1). The defined basis set is regarded as very
suitablefor theanalysisbased on SDA formulation and provides
avery quick convergence pattern in terms of the basis function
number, but on the other hand, it does not support a description
of the finite edge current.

The set 2 is based on orthogonal Legendre polynomials P,
and is suitable for modeling the finite edge current. With nota-
tions similar to (14), we have

2k :—P Tk
o2 () (S

In order to apply GaJerkln s method, the system of linear
equations (11) has to be rearranged to a homogeneous one. In-
serting (10) into (11), we formulate two different systems to be

(15)

solved using the sets (15) or (14) (we consider that EStrlp ~ 0).
The first system of equationsis written as
~ ~ ZZT
- 7. — 7% =7 .
B (o) _ ° —J%n (o) (16)
f/;Xt.(an) B Zazz Za:a: ~a/: an)
_jan _04721
where
- [ B (17)
—L

The second system is written as
Zzz - qu' Zza:

o e l(a;] (18)

ITES (a,,,)] _

V:Xt.(an) Za:z Z~a:a: ;2( n
—jan, —ag

where

IIE.( (19)

/ / E.(z")dx" dx'.

Theboth systems can be presented in general form asfollows:
V(@) = [Flan v, k)] [@n)] . @0
Galerkin'smethod becomes inefficient being applied to solve
(16) with the set 1 (Chebyshev polynomials) dueto the appear-
ance of divergent series[7], [8]. This problem can be avoided by
use of another orthogonal set exhibiting better convergency, i.e.,
a higher decay rate in the Fourier region (e.g., the set 2 based
on Legendre polynomials) to find projection of the left-hand
side of (16), with the set 1 remaining on the right-hand side.
The dternative formulation (18) gives a convergent solution
with Chebyshev polynomials. The double integration of £ . (x)
over z (19) is used to build more efficient computer codes,
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though the single integration can also provide convergent so-
[ution.

Solving (20) by Galerkin’s method leads to a homogeneous
system of linear equations

[Alw, k)] [X] =0 (21)

with coefficient matrix [A(w, k.)] and [X] = o} UbL being the

unknown expansion coefficients of (12) and (13). The entries of

[A(w, k.)] are numerical series, whose general termin (21) is
anv w, kz) [@f](an)]

Z GF(an)
(22)

where 11(1) stands for - or z-components of the spectral dyad,
k=1,...,nandj =1,...,n arethestrip numbers, and

k)= @h(an)[@h(en)].

The complex propagation constants can be found if the non-
trivial solution to (21) is obtained. This correspondsto the con-
dition

AR dim

p.q, v

(23)

det [A(w, k2)] = (24)
which is actually a dispersion eguation. For each particular
value of w, anontrivia solution exists for a discrete set {£7 }.

Solving (21) requires multiple evaluations of [A(w, k.)]. In
order to reduce numerical efforts, we implemented an effective
speed-up algorithm [13] in the case of using the basis function
set 1, while for the set 2, we used alarge argument approxi-
mation for Legendre polynomial basis functions. In both cases,
the calculation of (22) is based on the extraction of the asymp-
totic form of £}, (cv,, w, k.).

We have found that the matrix element A%:*-= (22) related
to the asymptotic form of Z¢%(av,) in (18) can be defined in a
closed form using (25). The use of (25) in computation of the
matrix [A(w k)] reduces numerical efforts of the analysis

<p1" (atn) wlk(an)

n=1
_ £ wy, - (_1)1)-1-(1
2 72 [+ +1][(p - 0)? +1]
p#0; ¢=01,...,N-1 (29)

D. Calculation of Associated Power Flux and Modal
Impedances

It is well known that the reliability of a smulated network
response is highly sensitive to accuracy of related sub-circuits
characteristics. impedance, admittance, or scattering parame-
ters. In this connection, an accurate computation of complex
modal power associated with each propagating mode isimpor-
tant for a correct definition of impedance parameters for amul-
ticoupled line.

Cano et al. [14] presented a unified way for computation of
the power flux associated with the quasi-TEM modal spectrum.
Using an SDA transverse propagation matrix (TPM) technique,
they derived an expression for the flux of Poynting‘s vector as

1 U]
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Fig. 3. Equivalent circuit for TE-to-y fields for the: (a) general structure and
(b) ith layer. Y,/ £} (h'+1) istheinput load admittance for TE(TM) waves seen
from the ith layer toward the (¢ + 1)th one.

a function of the transformed tangential electrical fields at the
surfaces limiting the ith layer E;(«,) and E;_1 (o)

e 3 [ Mo )]

Pk — Ei

?

B,
(26)

whereindex &, superscript 7', and * denote the £th mode, trans-
pose, and complex conjugate, respectively. For the details re-
lated to the form of matrix [A], we refer the reader to [14].
Herein, we propose an aternative to the TPM technique set of
simple expressions providing a connection between tangential
electric fields at the strips interface and any other one. This set
can be used for an efficient computation of (26) and for the anal-
ysis of structures with electrodes in different interfaces.

Let us direct our attention to Fig. 3(a). Each layer is charac-
terized by a transverse propagation constant in the y-direction
fyg(lf) ELOW) and TE(TM) characteristic admittances yfr(JE), yfr(ﬁ
[11, eg. (10) and (11)]. With given propagation constants, tan-
gential electric-field sources at the strip interface for TE-to-y

and TM-to-y modes are

where [T] is the transformation matrix from z, z to the u, v
coordinatesystem[11, eq. (10)]. It can be easily shown that with
agivenfield source £, (£ ) [seeFig. 3(b)], the second port field
E*+1 may be expressed as

(27)

yiTE(TM)
yTE(TM) cosh(v'h?) + Yﬁ;;(h”l) sinh(v*h?)
= Kuw Pue)

E7—|—1 o

(29)
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Fig.4. Propagation constant 3 and attenuation coefficient o versusthe number
of applied basis functions for a YBCO microstrip line on an LaAlO; substrate
(f = 10 GH2z). Thelinewidth w = 180 pm, HTS film thicknesst = 0.4 um
(strip and ground), substrate thickness h = 0.508 mm, substrate parameters
ares, = 23.5,tané = 6.0 - 10—%, the YBCO film characteristicsare A\, =
0.33 um, 0, = 3.0-10°Q-m~*, L =8 mm,hf, =5mm.

where Y,fg(h”l) is the input load admittance for TE(TM)
waves seen from the sth layer toward the (¢ + 1)th one.

With (28), the expression for the tangential field in the u, v
coordinate system at any jthinterface (2 < j < I(.J) 4+ 1) can
be derived as

El = E! ﬁ K¥and B/ = E} ﬁ Kk, (29)
Using back u, » to z’::zl'transformaiion, onek gt;tai ns
- ﬁ KF 0 0

g | =ET = (1] [ E] . (0

j—1
0 11 x*
k=1
Using (30) together with (26), the power flux spectrum for
a structure with an arbitrary number of layers can now be ef-
ficiently calculated and used to define the elements of voltage
eigenvectors. In order to avoid the calculation of cross powers,
the orthogonality condition between voltage and current eigen-
vectorsis used to form asystem of linear equations, asin [14]
k __ 1 T 7%
Pr=gViki , E,l,m=1,...,n. (31)
0=V"lL,, l#m
Modal impedances are defined for each /th line and each kth
mode as a ratio between related elements of matrices [V] and
[I] inaway that Z; , = Vi x/I; + and are used to define the
multiport admittance matrix of the coupled-line system [15].
The utility of developed formulas above was demonstrated in
the experimentally verified filter design [16].

1. NUMERICAL RESULTS AND DISCUSSION

First, we studied the convergence behavior of Galerkin's
method for both sets of basisfunction. The plot for propagation
constants versus the number of applied basis function is shown
in Fig. 4 for a superconducting (YBCO) microstrip line. As
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Fig. 5. Cdculated @ factor of the YBCO microstrip line on an LaAlOs
substrate versus frequency using this method and SDVIE [6]. The linewidth
w = 20 pm, HTS film thickness ¢t = 0.4 pm, substrate thickness
h = 0.508 um, YBCO film characteristics are Ay = 0.323 um,
o, = 3.5-10° Q- m—!, substrate parameters are the same asin Fig. 4.
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Fig. 6. Calculated qudlity factor for an Nb microstrip line on an LaAlO;
substrate (f = 2 GHz) as a function of the reduced strip thickness using
this method and SDVIE [6]. The linewidth w = 20 pm, substrate thickness
h 0.508 mm, YBCO film characteristics are A, = 0.0715 um,
[ 128 -10° Q2 - m—'.

follows from this figure, the Chebyshev polynomial-based set
demonstrates quite poor convergence (typically approximately
15 basis functions have to be applied to get a result with 1%
accuracy). Thismakesthisbasis set computationally inefficient.
The basis set based on the Legendre polynomials shows rather
better behavior (7-8 basis functions are enough to obtain
a result close to the converged value) and all data presented
below are computed using eight basisfunction of thisset. Let us
compare the results of simulation of the attenuation coefficient
and the propagation constant of the HTS (YBCO) microstrip
line on an LaAlOs substrate obtained by this method with the
results of the SDVIE application to the same line [6]. For this
purpose, we will use the quality factor of the transmission
line @ = /2« as afunction of frequency. One indicates an
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Fig. 7. Cadculated quality factor of a YBCO microstrip line on an LaAlO;
substrate (f = 10 GHz) as a function of tan § of the substrate at: (8) 7' =
30K [Az = 0.170 gm, o,, = 3.5 -10° (2 - m)~'Jand (b) T = 77 K
[Ar = 0.330 pm, 7, = 3.0 - 10° 2 - m~1], the substrate parameters are the
same asin Fig. 4.

excellent coincidence between the results of the simulation by
these two methods (Fig. 5).

The calculated quality factor 2 of an Nb microstrip line on
LaAlOs as a function of film thickness at 2 GHz is plotted in
Fig. 6.

Theresult isshown in comparison with Q(¢/ A1, ) obtained for
the same line by the SDVIE method [6]. The results are in good
agreement for t /Ay, < 2.5, whilefor higher values, discrepancy
becomes larger approaching a 10% limit at ¢/ Az, = 5.5.

The contribution of the dielectric loss into the @ factor of an
HTS (YBCO) microstrip line on an LaAlOs substrate (s, =
23.5) isshown in Fig. 7. The calculated results are obtained by
the method presented in this paper. The influence of the dielec-
tric loss on the @ factor is well pronounced at a lower temper-
ature [see Fig. 7(a@)], when the YBCO film contribution is very
small. At ahigher temperature [see Fig. 7(b)], the surface resis-
tance of the YBCO filmismainly responsiblefor the () factor of
the microstrip line and the dependence of the @ factor on tan 6
of the substrate is smoothed.
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Fig. 8. Simulated and measured [17] transmission characteristics of two
coupled S-shaped resonators. The dielectric substrate of 0.515-mm thickness
was used with parameters ¢ = 23.3, tané = 2.0 - 109, the YBCO film
of 0.45-pm thickness was used with characteristics: (@) Ay, = 0.144 pm,
0, =5.25-10Q-m~tand(b) Ay = 0.282 pum, o, =12.4-10°Q - m—*.

The next step was acomparison of results of the calculation of
the multistrip structure characteristics by the method devel oped
with the experimental characteristics. The multistrip structure of
two coupled S-shaped Y BCO resonators on LaAlO3 substrates
wassimulated and measured. Theresultsof the simulation of the
transmission coefficient in comparison with the measured data
at two different temperatures (7" = 20 K and 77 K) [17] are
presented in Fig. 8. A good agreement between the simulated
and measured data gives a reliable confirmation of correctness
of the method devel oped.

Finally method was used to verify adesign of a12-polequasi-
liptic filter [see Fig. 9(a)]. The structure of the filter consists
of 38 coupled microstrip lines, which are connected in a way
to establish 12 S-shaped resonators according to the figure. For
the purpose of simulation, a multiport admittance matrix of the
array was cal culated based on the power—current definition (31).
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Fig. 9. (8 Layout of the 12-pole filter on the S-shaped resonators.
(b) Simulated performance of the filter at 60 K using the presented model and
IE3D electromagnetic simulator. Parameters of the HTSC used in simulation
and box dimensions are the same asin [18].

It has been modified by adding self-admittance and mutual ad-
mittance of microstrip interconnectors and open-ended capaci-
tances to the elements, which represent the related nodes of the
circuit. Theresultant matrix was used to calculate S-parameters
of the circuit, which are presented in Fig. 9(b), together with
the one obtained using an IE3D electromagnetic simulator. One
can say that it is difficult to expect better agreement between
model-based simulation and a three-dimensional (3-D) electro-
magnetic one; thus, we consider it as a good argument to con-
firm confidence to developed codes.

IV. CONCLUSIONS

A computationally efficient full-wave method of analysis of
an HT S multistrip multilayered structure has been proposed and
discussed. The method allows taking into account real charac-
teristics of the dielectric layers and conducting strips of a fi-
nite thickness. Examples of simulation of different structures
(Nb microstrip line and YBCO microstrip line on an LaAlO3
substrate, multistrip HTS structure of the narrow-band filter) re-
vealed the high efficiency and reliability of the method. As re-
sult, the complex propagation constants and related modal im-
pedances of the multiconductor structure containing supercon-
ducting (normal metal) strip and lossy multilayer dielectric can

be calculated. The method can be effectively used for asimula-
tion and design of planar filter structures including the tunable
devices using a ferroelectric layer.
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